ABSTRACT. In this paper we obtain a parametric solution of the quintic diophantine equation
A QUINTIC DIOPHANTINE EQUATION WITH APPLICATIONS TO TWO DIOPHANTINE SYSTEMS CONCERNING FIFTH POWERS
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ABSTRACT. In this paper we obtain a parametric solution of the quintic diophantine equation ab(a + b)(a 2 + ab + b 2 ) = cd(c + d)(c 2 + cd + d 2 ). We use this solution to obtain parametric solutions of two diophantine systems concerning fifth powers, namely, the system of simultaneous equations x 1 + x 2 + x 3 = y 1 + y 2 + y 3 = 0, x 5 1 + x 5 2 + x 5 3 = y 5 1 + y 5 2 + y 5 3 , and the system of equations given by
y k i , k = 1, 2, 4, 5.
1. Introduction. This paper is concerned with the quintic diophantine equation (1) ab(a + b) a
where a, b, c and d are positive integers. We in fact obtain a parametric solution of degree 6 for the more general equation
where h is a fixed rational number. This solution, however, reduces to a trivial solution when h = 1. We therefore obtained numerical solutions of (1) by performing computer trials and, using these numerical results, we obtain a parametric solution of degree 16 for this equation.
We use the solution of equation (1) to obtain parametric solutions of the following two diophantine systems: 
In Section 2 we obtain the parametric solutions of equations (1) and (2) . Sections 3 and 4 contain the solutions of the diophantine systems (3) and (4).
The quintic equation ab(a
. We note that the general equation (2) where h = 1 is a fixed rational number can be solved by a method described in [3, Section 2.6]. In fact, following this method, we readily obtain the following parametric solution of this equation:
where k, p and q are arbitrary parameters. Taking h = 1 or h = 2 in this solution gives a trivial solution of (2). For h = 2 an approach presented in [3, Section 2.1] leads to the complete rational solution
, where p and q are arbitrary rational parameters. However, when h = 1, the general method of solving equation (2) We first give numerical results which enabled us to produce a parametric solution of the equation (1).
An exhaustive search determined that there are only five primitive solutions with terms below 10,000,000, which are listed in Table I . Before the numerical search had been extended to so high a range, only the first four solutions were known. Numerical analysis did not produce any interesting observations, except for a single curiosity; namely, the equality a(a + b) = 4cd satisfied by solution (S4).
When the solution (S5) appeared, a quick numerical analysis revealed the equality a(a + b) = 9cd, which in view of a similar equality satisfied by (S4), could not be accidental. Prime factorization of all eight factors in equation (1) Note that integers a, b, c and d given directly by formula (6) do not need to be positive. This is not a problem, since we have
and, for nonzero a, b, exactly one of the six expressions in (8) has both arguments positive.
We were unable to produce a parametric solution generating any of the numerical solutions (S1), (S2), (S3).
The diophantine system
We note that parametric solutions of the diophantine system given by (10) To solve the diophantine system (3), we write,
when the first equation of the system is identically satisfied while the second one reduces to (1). Thus, a parametric solution of (3) is given by (11) where a, b, c and d are given by (6).
To solve the diophantine system (4), we will solve the system of equations
where k = 1, 2, 4 and 5 together with the additional condition x 6 = y 6 . We write (13)
when it is readily verified that
Similarly we write (15)
when we have the relations
It follows from (14) and (16) Now, on substituting the values of x i , y i , i = 1, 2, . . . , 6, given by (13) and (15), we observe that equation (17) reduces, on removing common factors, to equation (1) . It follows that a solution of the simultaneous equations (12) with k = 1, 2, 4 and 5 is given by (13) and (15) 
Taking p = 2, q = 1, we get the following numerical solution:
(20)
x 5 = 106362539,
We can try to obtain additional parametric solutions of the diophantine system (4) by solving the simultaneous equations (12) with k = 1, 2, 4, 5 together with other conditions of the type x i = y j instead of the condition x 6 = y 6 . For instance, imposing the condition x 5 = y 6 , we get a parametric solution of degree 30 for the diophantine system (4). Further, we note that other possible conditions to cancel a pair of terms, one on each side, from the solution of 2, 4 , 5, lead either to a solution effectively equivalent to one of these two parametric solutions of (4) of degrees 27 and 30, or to trivial solutions. We thus get just two parametric solutions of the diophantine system (4). As the parametric solution of degree 30 is too cumbersome to write, it is not being given explicitly.
